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M’c study  tlIe cJkIcts  arising fro]n Wlatiy’istic.  ])c:ltllll):iti{)lls  011 tlIcI lnc)tic)ll  of astel -

oids and c.oIIIcts and slIow that for a lIUIIIbeI  of SUCII ol)jccts,  inclusion  c)f relativistic

collt]il)utiolis  ill t]IC Cq(latic)lls  of II)c)tioll  gives rise to significant illjl)lc)~~cll)c,llts  ill t]lc

orl)ita]l solutions. l’hltlIc.rlIlore  wc arp,uc  ilIat  igllori]lg  relativistic cc)r]cc.tiolls  to tllc

ccluatio]ls  of ]notioll, wllilc usi]lg;  ]I)asscs  derivd  f]oll) rc]ativistic  c])lle~llcridw yields

iIlcorrcc.t  scdut.iolls  cc)]]cs])o]i{li]lg,  to a]t i]lcollsistc]lt, ]lo]i-h’c~~’lo])ia]l,  IIc)]l-mla(ivistir

1110(1 (’1.
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1. IN’J’l{O1)  lJ(YJ’ION”

lk]ativistic  cffwts, arisi]l~  fro]n ilIc tlIcory  of gcIIcral  Aativity (l’;illstlcill  191 5) aIc.

illI]JortaIIt  ilI II]odclillg;  Lllc dylialllics  of Colllcts  altd astcloids  it I tlIc illlwr  solaY  systcIII.

III attcln])ts  to v e r i f y  tlIc  ])rdictiol]s o f  fyIcIal lclativity,  Slia])im  d al. (1  968),

IJicslw abIId Null  ( 1 9 6 9 ) ,  al~d Sllal)im  ( 1 9 7 1 )  fouIId tl)at, tlIc  llc)ll-N(~\\’tc)liiall  lilotio]l

for asteroid 1566 lcams was cwl)sisiclli,  wit]]  tllc  ])rdictiolls  of g;cIIcral  relativity I)ut

orl.)iial solutic)l]s for ]c.arus lvcrc of IIlargil]al  usc for dctcr]]lillillf,  tllc  solar quadrlll)olc

IIlolllcllt  01’ the IIlass of Mmlll”y. llsill~;  c)l~sc’li’~ttiolls  over tlIc illtcrval  1949 tlIImIp,lI

1 9 6 8 ,  tltcsc autlIors  ]mi]lkd out tlI.3t  orbital  solutiol)s  for ICMIUS using  r e l a t i v i s t i c

cquatiwm  of IIloiioll  IJroviclul  Sigllific.alltly  illl])rovd  Imults. Sitar ski (1 992) IcaclIcd

tlIc  sall)c  collclllsioll  wlIel I lIc u])datcd  tlic  orl)it  of lca ILIs using  tlIc ol)tjic.al  ol)swvatio]ls

fl”olll 1949 tlll”ougll  1987.

‘J’l]cg;cl]cIicf  ilstolclcllcla  ti\~istic.  cflt:ctsalcc)folclclv2/c2  ( [JN4s/I(:2),\vlIcIcc

is  ilIc sl)cccl of lig;lltl)  v and r arc rcl)cctivcly  tltc  s])wd of tllc  ol)jcxt  aIId its distalice

fml~l t]IC SUII, (; i s  t,]Ic gyavitatiollal  cc)]]stallt  and  fils i s  t]lc solar  IIlass. ‘J1]IUS, t,l~c

fractiolla]  first ordm rdativist,ic.  cfltxts  at, al)ollt  1 AIJ arc of tllc  ordcI  of I x I ()-8. ‘J’]IC

cllrrc IIt ])ositiollal  IIlcasuml]cllt  accuracy for ilsteroic]s aIId mlnet,s  is of tlIc OICICI of a

fcw tOIt,lIs of a sccoIId of arc. ]1’or  OIIC orl)it,al  l)cliod  of asteroid  lcaIus,  tlIc ]wrillclioll

prcc.cssiol] is  al~outl tlIc salnc. l“or sol]IC  astelc)ids  aII(l  coll]ctjs  ~~’itll  ecccl]tric.  Orl)it,s,

slIIall scl,[)i-ltlajor  axm , alId lol Ig [jl)seli~;ltioll:ll  data illtcrvals,  relat ivist ic  (’[1’rcts  }vill

I)c l]wcssary to ])ro])wl~’ fit, t,llc c)ljscll~iit,ic)lls.

Wc IIavc u s e d  all tllc avail al)]c o])tical  alIcl ra(lar CIa(,a to ill~])roi~c  tllc  orl)itls of

s ix  astjcroicls, illc]lldillg  lcar LIs, \\’l Iosc IIiotiol}s alc si~,l~i(icalttly  IIlo(lificcl  1)~ iltc  cf-

fcct<s  of g4mcral  rc.lativity. III a(lditioll, W(: ltill  slIo\\’  that (JGII \YIICII  t]]{ oll)ita]  IIIIS

w.siduals  am I)ot ill)])rovml wlIclI lcl?itivistfi<:  e(jlla{io]ls of IIlotioll drc S[ll)stitllt(yl  f o r

tl)(’ coll)l I)ol Ily uscxl Nc\vt,olliait  quat, iolis , si[:l]ilicalll  ollj  ita] crIol,s for lIIa IIy ast(’l  -



oids  iIIId cmncis wil l  k avoidd  WlICII  rclativist,ic cquatiol]s  of ]I)otio]l  aIc cHII])loyccl

ill colljul)ct,ioll witlI lIIodcrII  ])la IIcta Iy C.]jllelllclidcs. Si]lcc relativistic comdiol)s  arc

ofhl illcorrcxtly  a.ssul  IIcd IIcgligil)lc  ill ttl)c lnotio]ls  of ast$croids  and colncts,  wc Ivil]

bcgill  wit]] aII overv iew of tJIc various relat ivist ic  cflcct$s that  c.oIIIc i]lto ])lay durillp;

t]lc  orl)il  dctcrlIlillatioll  ]) IOCCSS.

11. l{lI)l,K1’l\71S’J’1(~  II; II’11’IIX’J’S  IN M l;ASIJlil ;h41(;N’J’ h401)l:l,S

h4casurcI]lmtk  of tllc  ]msitiol)  of aII a s t e r o i d  or colnct  am curmlt]y  ]mrfonllcd

using ci’l]lcr  ol)ticd or radar tclcscc)]ws. III suclI  lIIcasurcl  IIc.l Its, rdaiivistic.  cfl’cc.ts

arc lIIost ])rol]lillellt  olIly wlIc.11  tlIc  lillc-of-sigllt  grams tlIc  SuII, A]t]loup;}l  o])i,ica]

ol)scrvatiol  Is are IIot ]mssil)lc lImI’ LIIC SUII) radar obscrvat,io]l  II Iodcls  Indy IIavc to 1.)c

Illodificdl  by tlIc  rc]ativistic.  ti]]]c [lclay  duc to  tllc ])ro})agatio]l  of  tlIc  radar siglla]  ill

tlIc  gravitat,iol)al  ])ot,mltia]  of t,lIc SUII (Sllal)iro  1 9 6 4 0, Standish 1 990). llowcvm,  for

tl]c  ])roocssillp;  of c.urrclit astmoicl  al]d C.OIIICt  radar obscrvatioIls,  tllcsc C.oylcctiolls  aIW

usual]y  II IUCII  s]nallcrl,  ]la]] tlIc  CIIOI.S iII LIIC dc]ay  II]casurclncllts  t,l Icl IIsclv(w  (}’cwIIIa  TIs

d. al. 1 992).

111. I{ II; I, A’J’IVIS’J’IC;  lI;II’11’II;C’J’S  IN ‘I’II II; IQIJA’J’10NS  olI” hfO’J’loN

‘] ’]ICIC aI(, a IIUIIILCI  of rc]a~i~~istic  cfli,cts  Ivllicll cwlltriljutc  t o  tllc  IIlotiml of a

colllct  01 astcmid. IIuc we co]]sidm  a si]ll])lr  II1O(IC1  o f  a]) astcmid  or coIIIct falli II~,

fmdy  i]) tlIc gravitatio]lal  f i e ld  o f  tlIc  SUII. WC ip;]low a]l c{lccts arisi]ig  frOIII  tlIc

])la IIctaljJ  ])cltllll)at,iolls. ‘J1]}csc cal I l)c i]lc.luclccl  ill a stlaif,l]tf[)]t$al[l  IIIaNIICI  jll  a lIIoI(:

,P, CIICI”H] SC.] ICIIIC  ])ut at t,]Ic ]Ilolilcl)t,  \VC IIOL(J  tlIat tlIC laI,yxt,  rc]ativisti(:  Cf[”cct,s alis(:

fro]ll {11(: ]) IX! S(!l I(C of Lll(! Sun. ‘J’]Ic jtlc(,lic tCIISOI for a si]l~,lc  sl)llc]i(al]y  -sy]]]l]l(:t!ic

wavitjatiolla] so~ll’~~ ~all 1)~ ~~littcll  as tlIc slo~~’-lllc)tic)ll,  Wc{ik-fic]d Zl])])lc)xiltliitioll  O f

tlIC S(ll\\ti17,scllilcl  (1 916) IIlctric.:
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11( ’1’[: // ils tllc S(

II]ass of tllc Sun

fro])] tl)c  S111). ‘1’ltc f i r s t  t~vo tjcrli)s  ill gOrI alIcl  tllc  first  tcrlll ill ~lj g i v e  r i s e  to tllc

Ncwkllia]l  p;lzil~ittltic)ll:ll  forcr. ‘J’l Ic last tCIIII  ill {1oc, l)rovidcs  1/3 of tll Ie r e l a t iv i s t i c

])]cccssio]i  o f  t,lIc orl.)ita]  li]]c o f  a])sidcs,  or ])crilldio]l. ‘J’ll(!  (/oi C.OIIl])C)Il~IltS C)f tllC!

lnciric m])rcsc]ii, col)tribut,  ions arisill~;  fro]]] tllc  IIlotic)ll  of illc  source.  III tlic case  o f

a single  objcd frcdy fallillg;  ill tllc  field of lIIC ,Su Ii, tllc  Su]i’s vdocity  is IIcglig;il)lc.

If 011{:  Were to illc,ludc t,llc ])laltcts  as gravitat,iol]al  sc)u Iyws, as ill LIIC J]’], q)llcll)clis

dCVdO])lncllt Illodcls,  tlkcsc tcrl]ls would  l)avc l~oll-llc~,ligil)lc  cc)lliril)lltliolls.  ‘J’)tc  last,

tC1’111  ill  (Jij l’C!])l’CSC!lltS  tll[! Cll I’V/itUl’C!  of  SJ)~(X!. ‘J’llis  tcrj)) l)rovidcs  2?/3 of tltc l)crillclioll

])rccmsicnl  cflcc.t  allcl  otllcr  curvatl]rc  cfl’ccts  sue]]  as tile  19 l l l i l l iarcscc/year gmdctic

])lcccssioll  of tllc earth’s illcrtial fralllc (I,icxkc ct. al. 1 {)77; S]lallid-Salcss  and  As] IIJy

19s8).

‘J’IIc cquaiiol}s  o f  II)otioll for a]] ol)jwl  f]ccly  fallillp,  ill tl)c  grav;  tatiolla] ficl(l

dcsc.ril)cd  by tltc alml~c IIlct,lic GIJI l)c

ilivariallt  itltcrva]  ill four dilllellsiolls  is

s] ):1

dc]ivc(] fro]l] tlIc ]cast  act, ion ])rillci])lc. ‘1’llc

g;ivcll  l)y:

(3.4)

(1 - 2:’-12:: )((LJ’)2 - (1 -1 2;: )&@?’%:j (:;.:))

tvll(r( // a]ld u a]c tllc  s])acc:-tiil)c illdiccs  lullllillg  froltl ( )  t o  3 ,  i and j ale tllc

ial coodillalc  illdiccs  rullllillp;  fron) I to 3 a]](l tl]c l{;illst(’ill  s[llnltlatioll  co]]i~(:]llio]l

is usml. ‘J’IIc c l a s s i ca l  ac,t,ioll  A is llIc illtc~,ral  of ds dol If I, (11(:  ])atll of tlIc ])firticl(~.
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Wllm! ?)1 is tllc  JI)ass of t!llc  ])al’tick!  ill II]ot’ioll. ](’1’0111 c]assica] ],a?;rallp;ialt  fol”llla]isll]

of t,lic  ]xwt,idc:

A=
/

l’ilx” (3.8)
path

‘J’lIus co]n;mri]lg  ltq. (2,8)  wit])  l’kl. (2 .7 )  aIId usi]]p;  l’;q. (2.5), tlIc  l}ar;rallgia]] is p;ivul

1/ = ?/lc2[(l - 2:-1 2$- ( 1  - 1  2::) 6;jtN]+, (3.{))

W]l(!l”i!  Z)i :“ dxi/dxo. ‘J’l Ic cquatim)s  o f  IIlotiol) c.aII IIol\’  1)12 (Icriwd  usill$;  tlIc  l’;ulcr-

lqI;IalIgI;c cquatio])s:

d-()-[)1, (11/
,:-r 0.

dt bui [Ixt
(3.10)

( 3 . 1 1 )

rise to tll)c relativist,  ic

l)cril)c,lioll  CaII l)cst,  l)c

lllotioll.  ‘1’lIc cal)ol)ical

])lmxxsioll  o f  flIc ])clil)(.liol). ‘1111(  rc’lativistic  a(l\TaIIcc of tlI(

(Ierivd  Ilsil){;  tll(, IIall)ilt{)ltiall  forllllllatjioli  of tlIc (~(]uatiolls  of

II)ol))cv)ta  ar(’ gil’cll,  to tlI(: dmiw(]  or(ler  of acc Ilracy,  1)~:
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81,
n’: -r

ON”

J[l -[ ;’[)2  -1 3![].
7“

‘J’llc IIalniltollial]  is IIolv  gil’cll  }Iy

IIzn. v- 1,

(3.12)

(3.13)

(:3.14)

1 2

( )

2

!’-1 : -

in - 1’
jn2-1  Z!’]2-  “n2,

1’ ~.
(3.1:))

‘J’IIc first,  t,wo tcrj]]s  i]) tllc total  IIallliltolliall  corrcs])olld  k tllc Ncwrtolliall gra\ita-

t,iollal  form. Wc CaII IIOW trwt tlI(:  rc]naillil]~  tcrJIIs ill tl]c  IIalniltol]iall

Lurbatioll  111. ‘1’llis  l)cltllll.)atic)ll  clc])ulcls  oIIly 011 t,lIIcc  orl)ita]  clcIIIcIlts;

a]]o]]]aly  M, tl]c  sc~ni]l]ajo]  ax i s  [i a]Id tllc  ccmltric.  ity c. (11 Ic call rcwrik

wlIcIc  wc IIavc used the cIIcIgy  co]]scrvatio]i  qua

1)? :

‘J’l]c  advaIIcc  of tlIc  argu]ncvlt  of ])cr

1{)90):

d(d

(11  -

~+ p 2
7.2 ~

io]l:

21

( )
/1 ;,-;( .

IIcliml  i s  ]IOw g;ivcu)  1)~ (Ilcrtotti  and  l“arillclla

as a ]mr-

tll(! IIlcall

111 as:

(3.l(i)

(3.17)

(3.1s)

(3.19)



WC get:

(3.20)

or A-d = 0.0384 /a(l - C2) arc. scco]]ds  ]x2r n3dutiolI  wlIcn a is ill astrollonlical  ullik.

,Si Ilc.c lI]ost 01.)scrvatio]]s  d askro ids alId c.ol IIcts a t  this tlilnc arc cq)ticd  allg;ulal

])ositiolls,  tlIc  ])crilldioll  ])rw.cssiol) is ])crlIa])s tlIc II)ost IIlcasural)lc  cfi’cct.  ‘1’llis cfl’cct

is I] Iost l[loticablc  for cc.c.cIIt  I’ic orljit<s  witl I slnal]  scl)]i-lnajor  axes.  OIIC CaII cx)III])u(c

tlIc  ]I)ag;[)itudc of tltc  ]mrillclioll  adva  IIc.e for all curIuItly  kIIowl  I astmoids  and  col IIets

tc) sw wlIctlIcr  rdativistic  cfl’mts sllcmld  IM2 illc.ludcd ill lnoclclillg  tlIc dyllal[lics  of SUCII

c)l~jcc.k.  11’or tlIc  15 objects  IIIOSt aflkxtcxl  by lclati~istic]) clt~lll-)atiolls,  ‘J’able 1 g;ivcs

t,l Ic llalne  and IIul Illxx of tlIc asicroid followed  I)y its alnou]lt  of orbital  ])mccssioll

(pcril,dio]l)  ]M2r year. ‘I1lIC  lIcxt  tllwc C.OlIIIIIIIS g i v e tlIc  nuII]bcr  of years for w}lidl

[)l)sclvatiollsc  xist,  tllcolljiial  peric)cl  alldtllc  total Iclati\’istic])  lcccssic)ll tolnid- 1993.

AssuIllillg  t]lat t]Ic c.urI’cIIt a c c u r a c y  ill delcrIllinillg  t]lc  allg;u]ar  I)osition  of all

a.stcmid  is a fcw tcJItl Is of a scwmd  of arc., Il)c relativistic colltril~utic)]l  10 ])rcccssioll

c)ftl~c]]crillc:lic)]l  sl)oulcl  lwckally  CIetcctitl)l{:f[)l  tlic askroids  l~eal il)c  to]) of tllc list.
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l)c)st-Nc7,t’tc)l)ittll  order. 1]] c.olll])zlliI]g;t  l]ccjl~scl\’c[l  ]wsitiolls  of  colllctsalld  askmids

wit,ll tl]osc  ]Jrcdictcxl frOIII tfllcorc(ica]  Inodcls,  OIIC  JIius(  also realize tll Iat tlIc IItass  of

~]lCSLlll  ddcl’lnilldby  tllcsc)lals J~stclllc]  )llcll)[:liscfl’[)1(  illclll(lcs llo{c)lllylc  lativistic

c.o]mctiolls  arising,  fro]n  tllc ]){~st-N1c\+’tolliall  forll]ulatio]l  of tll~e cquatio]ls  of Itlotiol},

but, a lso il]c.]udcs cormctiol)s  dcvisd  l)y tl)c lAIJ  to kc(]) tl)c r e l a t i v i s t i c  cqllatio]ls

of lnot,ic)]l  i]] t]lc  I)alyc.cni,ric  fralllc silnl)lc.  {;orrcct, ions arisi~lg  fro~n t,llc lAU  c.lloic,c

o f  c.oodil)atjcs  ]lcxxl  bc utilized  ill ttllc dcfillitioli  o f  s])ac.c-till]c ccmrdillat,m  wllicll  }vc

w i l l  collsidcr  shortly.  Colmctiolls  to L1]C Ncwtolliall  cquatiolls  c)f Illotioll  arising  frol~l

])c)st,-Nclvtol)ial]  forlnulatiol)  arcoftllcforlt)  of l’kl,  (?.11). l)isclc])cIlcicsa lisill  F; flOIll

cxdusion  of tl)c  mlaiivistic  c.orrcctlic)lls  call I.jc u])dcrstood  I.)y c.ollll)ari]]g  l’; q. ( 2 . 1 1 )

wit]] Ncnvton’s  second  law:

(12 r (f’AfN
r,

212  = - - 7’3
(4.1)

W]ICIC jkfN WOU]C]  }.)c t,]Ic ]Ilass  of  t,]Ic  ,SU]I dcril~cd  fro]))  iNcwtoIliall  q)llclIlc Iidcs.  ~0111-

])arisoli  ~vit,ll  l’;q. (!2.1 1  )  SIIO}VS us t,l Iat i f  O])C  }VCIC t o  IISC tlIc l)c)st,-Nc\\~tc)lliaT)  ll]ass,

usd ill l’lq. (’2.1 1 ) ill NT CIVLO]I’S  sec.o]~d law’, a fit t o  data could  still I)c ]nadc bccausc

Llic lcadill][~  Lc]l])s IIavc Llic sa]nc  fu]lctiollal  1 /12 dc]w]}dc]lcc  0 1 1  I. IIowcvcr,  tllc  IIP

$;l~~td  tC1’ll”ls  ill ]’;(]. (’2.1 ] ) \f’011](]  sti]] COIItI il)ltt,c 011 average ])y a si~;llifi~:lll{,  :( I1lOLI III,.

‘J’]tus t,lIc  fit Ivou]d yic]d  a  scllli-l]]ajor  a x i s  tlIal i s  i]lcorrcct  1)~’  aII aIIIOU IIt:

(4.:))

‘J’]]is WOU](I 1.)c i]] ac]tli(iol)  (,0 l!’]]atclcl crlol Caljlc al.)out  I)y Ilot IIaVillr)  ltlo(l(:lc(l

tllc rclativistjic.  ])rcccssioll  o f  ])crillclioll. of c(~lllsc  Ollc lclllcdy fol  corrcc(ili~; t ]  }c

scllli-lllajor  axis to ])c)st,-N{:\\~t{)Ili{ill  o] ’(1c] is to rcscalc tl]c solar ]]]ass. IT] this ]vay

tllc Ncwtolliajl  equatio~}s of IIlotioll \vo~Ild, 0]1 tile  a~clag,e,  agree  \vitll t,]le r e l a t iv i s t i c



v~lsioll  OXCCl)~ f~l. t]l~ fact t,]la{ t}lf:  l~]~tivjs{,ic l)lcccssiol]  of ])cril]clioll  would  still  JIot

I)c l]]odc]ccl.  llcIIcc, t,lIc orbi tal  (I[:tclltlillati{)ll  of ol)jcc.ts using  Nmvknliall  cquat)iolis

o f  11-IotioII lJut u t i l i z ing  t,lIc solar II IaSS dmivcd  froln  J])], IJlalldary  cq)l]mncrides (i.

C. M71~}I)  w i l l  iII gcIIc.ral  IIavc illcc)llsistcllcics. ‘1’11[1s a]thlg,  ]l illc! lnotiolls  of IIlally

a s t e r o i d s  al]d co] IIcts JIIay ]Iot I)c  sulsitivc  to trllc rdativisttic.  cfl’cxts, tlicir dyllal]lic.al

IJlodclillg,  if IIot mlativistically  forlllulatd,  is ill error.

As ]Ilclltiollcd  carlim, corrcc.tiolls  arising  flo]n  tlIc  c]loic.c  of usillg  ‘111)1] c.oordi]latcs

arc also illl]mrtfallt  iII corrcd  dy]la]]lic  IIlodelillg  of solar systcm ol)jmk.  l{clativistic.

cquatiolls  of lnotioll  arc usually writtm) ill tcr]ns of tllc l)c]st-A1c\\’t[)I]iall  c.oordinatcs,

dcfi]lcd  l)y LIIC ]mst-NcwtolJiall  forl]lalisln  dcvclo]d  by W i l l  aIId Nordtvcdt (1 972).

‘J’}lis  C.}ic)icc  of c.oc)rdillaks  is cn]ly a lnattx!r  of collvclltiol)  sillcc l’~illstcil)’s  field cqu:i-

tic)]]s arc gcllcwally  covariallt  and LIIUS  I)llysical  IIICaSUICIIIC21t,S  arc illdclmldcnt  o f  tllc

clloicc  of coodillatcx.  Ncvcrtllclcss  acc.ordill$;  to t,l)c IALJ C.olivcvltio)l,  tllc l)aryccvltric

t i m e .  (f.~]~}])  is to l)C rclat,cd  t,o aIl i d e a l  ]ilartll-borl~c  clc)ck t,ilnc (1~,:)  I.)y d ])crio(]ic,

cocflicicllt,  IIalnc]y  (Ilcllillg;s ] <Is(i)

(4.3)

IIcrc /1 i s  tlIc total g;ra~~itatio]la]  ]wtc]ltia] OII tltc  lIkItlI’s  surf am. ‘1’IIc  l’ost,-

ICts,

4.4)

III order to l{cc]) tl]c c{]uatiolls  of light  ])]x)])ap,dtio]l  ulIcl IaIIp,ed  (i.e. kcc])i]]~l  t IIC

S]JUXI  of lil$,llt  co]ista]lt)  OIIC lIas tc) also  rc - sca le  tl]c s])alial  coordil]atcs  SUCII tl]:ll

dq])]: z (] [1 - ~,:: )&i>l,Ar : (] - ],)[]Z)BA,. (4.5)

{)



IIowcvcr  this will cl)tcr tllc cquatio]is  of IIIotiolI  of or(lil  Iary lIIattcr  by rc-scali IIg; tlIc

c.olll])ollcllts of tllc lnctri(  tcllsol’:

(4.6)

11) Lllr]l, this wi]l afl’cct  tl)c  l~c)st-Nc}\’t{}llizlll cquatiol]s  o f  IIlotioll UIIICSS OIIC rc-

Sc.al(!s  all tllc! lnasscs. I f  olic trim to l{CCJJ  tllcforlll  of tllc  ])c)st-Nc\itc~lliall  cquatiol)s

u] IclIa  TIgcd, tl]c  ‘J’]]]] ]nassm llavc  to lW M - s c a l d  wit]l rcs])cct  to l)N Inasscs  l)y:

‘J’]Ic lnag;llitudc:of  1/ is 1 .55052 X10- 8. ]l)t~p;l.atic)])  of t]lc  cquaticnls  c)f ]notio]l  ill tllc

rdativistic  fonl]alisln  is sdf-col)sistcl]t  alId lIas l)ccuI  slIowII  k Lc so l)rcviously  (Martin

d. a l .  1985; l{icx cf. al. 1988). ‘J’llc  ]nasscs  o f  tllc  ,SU]I a]ld tllc ])laltcts  dcrivcxl  fro]]]

tllc J]’], planetary q)l)mnmi({cs  (1)1+;  2s)0, de.) illcludc  rdativistic  corrcx-timls.

‘J’lIus, usil)g;  tlic Nemtollifill  cx]uatliolls o f  I[]otioll alolIg  wit]l tllc lcl:~ti~~istically

ddmlni~ld  m a s s e s  woLIld i]] g;cIIcral  yidd  a solutio]) lvliicl)  is ncitl)cr ]clatjivisticall}~

) lIor ]1[)]1-lclaii~istic:illy  C.o]lsistc]lt-  a  lIyl)Iid  SOIU

, SO1,  U’J’10N” l’:xl’I’;ltl  hJl’;N’l’s

correct (I 10  relativistic ]Jmccssio] ‘
. . . . . .

tjiol).

\T.  [)]{]  ]]’]IA

WC lw]fol]ncd  cx])cri]])c])ts  to fit tllc  rc:lativistic  a]Id tlIc  lIyl)Iid II1O(IC1S dcscril)ml

ahovc Lo tl]c  ol.mrvatio]la]  data of a sul)sci  of  ol)jc(:ts  fo r  }vliic.11  t,l Ie cu]l]lllativc  I(I1

ativistic  ])rcccssio]l  of tlIc l)crillc.  ]io]l  is la Ig(’. ‘J’llc Sul)s[’t,  JVas  CIIOSCI1 fl’olll  Solll(! 1 5 6

c.oIIIds aIId  a s t e r o i d s  COIIIIIIOIIly II IId CI stu(l~r. \ll(: s t u d i e d  tlIc full set I)y l(x)ki]]~,  at

tlic  rak of l)crilldio]l  l)rc(cssio]l, (11{’  ol)se]irti(,io]]t(l”  l)c]io(l,  tllc  ]11]]]11 )(:1’  of  a(’tllill  ol)-

scrvat, io]ls alId tllc:  l,otal aIIIOLIII{ of j)r(’ccssio]l  (Illril]f,  t,l I(, l)criod  of oljscri~atio]l. ‘1’al)lc

1  l i s t s  tlIc to]) 1 5  sucl I ol)jcct<s  ordcml ill drcIeasiIIg,  total ])crilldioli  l)rwcssiol).  ‘1’IIc

1()



astmoicl  1566 lcarus  is at tllc Lo]) of tllc list. \Vc IIavc pcrforlllcd  orl)ita]  fits to t,llc

data availab]c  fc)r scwcral astcmids  liskd  ill ‘J’al)]c  1. 1“01 six ol)jmts, ‘J’al)lc  11 illcludcs

tl)c  ]lul]ll.~c!r  and  I,y]w of Ll]c available ol.)s(!ll~tltliolls, tllc ol)scrvatio]l  il]tcrval  al)d tl]c

liMS residuals  for t,llc dat,ivistic  aIId  tlIc lIyljIid  II IOIICISO ‘JIIIC odcrillg  IIcrc is l)y tllc

al]]oul)t  of illlprovclllcllt  ill tl]c  I{AIS residual wllicl)  for lc.arus  is as l]]ucl]  as 3(1%. 11 is

cvidmlt tl)at tllc  d a t i v e  iln])rovclllm]t  to tllc orl)itlal  so]utiol)s, WIICII a cm:lsistcllll  K-

ativistic  forlnu]atioll  is c]n])loycd  illstcacl  of Lllc IIyl)lid  l]]odd, is illvcrscly  C.orrclatcd

lm tl]c orbital  smni-latus  ]cctu]n (j) L a ( 1  -  C2 ) )  aIId ])m])ortiollal  to t]Jc okwrw -

t,ioll  illtcrval  and  the amoul]i  of data available. llnprmd  orl~ita] Clclllcllts for tllc  six

astfcmids  ill table 11 arc givcll ill Lablc 111.

,
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Ohject

‘J’AII1)I;S

‘J’AIJI,II;  1. 15 astcrojds  wjt]l  t,lle lalgcst  ~)crilldioll  j)rw-cssioJi  rates.fl

1566 ]C.al’US

2062 Ate]\

1862 Apollo

2100 lta-:wlalcnn

1685 ‘1’01’0

2101 Ado]Iis

3’753 (I 98’6  ‘J’())

433 1’:1’0s

1620 Gcogra])l)os

3200 l’lladlloll

1865 CCrlmus

5143 IIc!l’aclc!s

1951 l,ick

1627 ]va]

2340 IIa(llol’

I’]w. Rate.

(al c. S(C. / y])

0.101

0.043

0.021

0.075

0.022

0.019

0.053

0.016

0.025

0.101

0.040

0.021

0.017

0.010

0.074

ohs. IIlt(’l”val

(Jm.)

43

3’7

57

15

44

48

] ~)

5 G

35

8

18

30

36

61

7

pi’1’k)d

(yrs.)

1.119

oog~()

1.785

0.759

1.598

2..567

0.997

1.761

1 .3s9

1.423

1.123

?.484

1,640

2.544

0.775

‘J’ot.  I’I’(’c. to 5/93

(arc. SW.)

4.34

1.59

1.20

1.13

0.97

0.91

0.()()

0.<)()

0.88

0.81

0.72

0.63

0.61

0.61

0.[)2



‘orbital solutio]is  for (i astcm;ds i))at arc afl’cctcd l)y relativistic dl’ccts.  ITI cadI case,

J]’], dcnrdop]nd  C!]k!lM!liS 1)1(;200  WM us(d. 1“01’  cad) Ol)jcd listd,  tllc!  Illlllll)cl’ o f

ol)tical  and radar (t,i]nc delay al]d I)o])]JIcI.) ol)scrvdtio]ts  am ~;ivcII a]ol]g;  wit]] tltc data,

il)tc]wa] over wllicl)  t,l]e orl)it  w a s  co]] )]~ut,ccl. 1“01” tll(:  ltlvls  orl)it  rcsidllal,  tllc f i r s t

li]]c for cac])  ohjcct g;ivcs t,llc  v a l u e  ~vl~cm  lJIIICly  Ncwto])ia]]  quatiolls  of II]otio]]  WCK

Cull])loyd  wlii]c the sccoIId ]illc gi~’cs tllc SaIIIC i]lfo]l]-l:~t,ic)]l  WlICII re]ativist,ic  quat, io]ls

of I I mtiw I were used.

‘J’AIII,lI;  11. ‘J’]Ic six astcrc,icls  UIId CII study, tllcir  olRwvatio~ls  a]]d tl]c,ir 11.h4S  r e s idua l s .

IPor tl)cm asteroids without radar data, tllc uliits of tllc I{MS rmic]uals  arc ill arc sw.o]lds.

Otlimwisc  tllc l{h4S residllals arc  ]Ior]llalizcd,  u]litlcss  v a l u e s . ‘J’lIat is, mcli  orl)it rcsidua]

)(i,, arcscc,  IIz, or ,,,icroscco,,ds)  w a s  d  ‘vidd I,y its ol,servatio],  wcig;l,t  i], tl,e sa]IIe  u*its

bcfcm  tile l{hJS value  was  com])utd.
:-..

1566 lc.arus

~86? Apo]llo

3200 l’llat:ltlloll

3?53 (1986  ‘J’())

2100”  lla-sllalolll

—.

Olmrvaiiolls

O])i,ical dday l)opplcl’ l)ata IIlw’vill

466 - {) 06/27/49 - 10/1 2/92

cJ\) 4 8 01/27/32- 12/29/8{)

{) ‘2

(L5

13

10/1? /83- 11/29/92

10/17/73-  08/25/!)2

10/03 / 7 [ ) -  10/09/91

12/17/55- 10/06/92”

Rh4s

l{csid.

1.42

().99

1.33

1.17

1.01

(){)7

1.08

1 .Ofi

(). 99

(),{)&

1.21

?’(



1.21

14



‘J’AIII,II; 111, Orl)ital clcIncIIts  fol’ 6  asteroids  WIIOSC  lnc)tic)n i s  sip;nifica]ltly  afl’cc.tcd by

gcIIIeral ldativjstic  cfl’ccts. l’;acll  orbit  was mln])utd  using J 1’1 ,’s 1 )cvdo})~ncllt  lI;lJIIeIIICYiS

1)1;200  w i t h  tllc II)a]tll  and lIloolI  IJcrturbatiolls  tmatu]  sc])watdy. ‘J’lIc  IIorlnalizd IIn S

orl)ital  r e s i d u a l s  aIld tllc mtl])loyd  astro)netl.ic  data  aIc givm ill taljle  1 1 .  ‘I’l Ic a]lp;lcs arc

givc]l ill degrees aIId refer to tlIc di])tic ])la]lc  a]ld  J2000  equillcw. 1+ ’01 tlIc six  orl)ita]

clc]nc]lts corrected i]) tile orl)it dctmlnillatio])  ]) IOCCSS, tlIc for][lal  stanclad  dek’iatiolls  arc

p,ivml  ill ])amltlicscs  iII units  of tlIc l a s t  dw,ilna]  ])lacc. ‘1’lIc givcll  orbital  clcmmlts  arc

ms])cctivdy  tlIc e c c e n t r i c i t y ,  tlIc ])eIillelioll distallcc  ill AU, tllc t ime of  ])elillclioll  ])assagc

(’1’1)11), tlIc argu]nmi  of ],cuilldio]l, tllc lc)llgitudc  o f  tile ascmlding  node,  tlIc iIlclillatioll,

scmli-]llajor  a x i s  i]] All and tile lnc,a?l a]io]nalay ill dcgrws.
z..

I’:])OCII

<’

q

r,
J

w

NO(1C

j

a

J4 A

l’:po(’h

C

q

:1566 lcarus 1862 Apollo

:1994  J“C’1) 17’. O(’J’I)II) 1!3941’1(’1)  17.0 (’I’1  )11)

().826694124 (]()~) 0.559941362 (33)

0.186836585 (1 18) 0.647353126 (49)

1994 Jali 27,7429529 (217) 1995 Jali 2.7165230(102)

31.2248612 (127) 285.6391790(584)

88.1537825(55) 35.9330697(579)

‘22.8790200(249) 6.3562961 (239)

1.078074153 1.471061059

17.8364024 1s3.386s217

3753 (IW’J ’()) 2]00 Ra-sllaloln

1994  1“(1) 1’7.0(’1’1 )11) l!)wll’cl)  17.() (’I’1 )11)

0.:)]4811131 (243x) 0.43645 (j323 (?41 )

().484()91097 (2440) ().4(i88{)[)4s:) (l{)8)

15

3200 l’llact]loll

1994 1“(’1)  17.0(  ’J’1) 11)

0.890151589(136)

0.139653993(176)

1993 SC])  12.7348078 (2513)

32].8104926 (355)

?65.5970894 (370)

22.0974651 (363)

1.271333759

108,1302769

2062 At(III

1:)94 l“ch 17.() (’I’1 )11)

0.182583091 (379)

0.790133591 (363)



r,J 1994 JztII 15.4? 33736 (1890) 1994 Mar 31.4564282 (705) 1994 JIIII 8.6636837 (1 129)

\v 43.6374549 (3497) 355.944?840 (504) 147.9154590 (119!s)

Nc)(1c 126.3950772(4619) 170,9613315(27:{) 108.6855?38 (236)

i 19.8110943(1086) 15.7555290(251) 18.9319604 (633)

a 0.997737433 0.832048169 o.wY.xi225]8

h4 A 32.2170508 304.865324’2 ?44,1941062
:
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V]. CON C1,USlONS

WC IIavc. s tudied tl~c ])mlllillc)lt  cfi’cds  alisil~g fmIII the illclusiol~  of gcIlcral  rela-

tivity  ill modclillp; tJIc dynalllics of asteroids and Colnets. WC ]Iavc dcmo~lstratd  that,

for a ]mrticular  set  of  ol)jcxts  wJilJI sInall  scll)i-lnajor axes  and large ccccllt,  ricitics,

rdativistic  cflccts  call ])lay a lnajor Iolc  i]] d-yllalnical  IIlodclillg;  of SUCII o b j e c t s .  A]]

illl])ortallt  ]mrposc of this work lla.s  bccII to slIow’  tltat, for  suc.11 ol)jccts,  cxclusioll  o f

relativity cffcds, wllilc  usil]g; solar-  systclll  IIlasscs  derived fro]]] rclativistically  derived

c])llclnclridcs  (sLlcl  I as l) IEXK)), will in g;cl]cral  result ill incollsistcl)t  solutiolis  for tlIc

dyl)all]ical  paralncters. \Vc }Iavc SIIOWII tlIat suc.11 orbi tal  solut ions arc IIcitllcr  rcla-

tivistic.al]y  correct 1101 consistcl]t  witlI a col)l])lctcly  lloll-rc]ativistic  nlcdc];  i. c. they

c.orIcsjmId  to a IIybrid  Inodc].  l“il]ally we ]mforlllcd  cx])crilncllts  to derive tJIc 1{ M S

rcsidua] resulting  froIn So]utio))s  Lo t])c avai]ah]e  d a t a  using;  t]lc  currcmt  J]]], ])1’cP

glal]ls. ‘j’]liS w a s  dolIc Wit]l  bc)t]l  t]It! fLl]]y I“c]ativistic.  Inodd  aIId t]lc  ]Iybrid  vcLxioI1.

‘J’IIc conclusion is that ill LIIC. Inorc  cxtmnc rc]ativistic  cases, tllc rdativistic  IIIOCIC1

yields smaller rcsiclua]s.  III tlIc case of tl]c asteroid 1566 ]carus, tllc ilnl)rovclncllt  ill

tllcl{,h4S  residual is as largcas30%.

A~l<N014~l,lI;l)  (;hfl  IJNr J’S

‘J’]lcautl)ors  wc)lllclliketc)tllallk  li. W. llellill~;sfc)lllcl])f~ll  discussiol)s.  ‘J’lliswolk

l$JaS ~alljlc(] OUt  at t]]c Jet ])l.o])lllsioll  ],ttl.)ol:ltoly,”  Ca]iforl]ia  ]Ilstitut,c of ‘1’ccIIIIoIo/,y,

u]ldcr cmltract wit,]) t,l Ic INatioIlal  Amol]autics  and  ,S])acc’ Acllllillistlz\tic)l).

VI]. ltl’:l’’I’;l{l’;N(  :l’;s

AIidcmo]I,J.  11., ]ts]msito,  l). 1]., Martin \V. a]]d i14u111c111a11  ,1). () .  1975, AStrOl)lIyS.

J, 200, 221.
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